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Challenges of Combining Intuitionistic Logic with
Classical Logic Using a Double Negation Translation

» Intuitionistic implication should not collapse into classical
implication. Consider AVveé (B> C) —~(~AA ~(B D C))

» How to distinguish the introduction of a translated classical
“"connective” from intuitionistic introductions.
Introduction of classical disjunction A V¢ B:
~A ~B,T
~AAN ~B,T -
It~ (~AA ~B)

No guarantee that sequence won'’t be interrupted by other rules.

» How to recognize classical "dualities”. How is ~ (~AA ~ B) the
"dual” of (~AA ~ B) in an intuitionistic sense, given that
~~P £ P.



Challenges Continued ...

» How to distinguish classical from intuitionistic equivalence.
» Classical versus Intuitionistic Cut Elimination.

ATHB ~ATFB
B

Admissible in classical logic but not in intuitionistic logic.

How do we simulate this cut in an intuitionistic proof system?

» What is the meaning of mixed formulas such as
Ave(BD (CvVvD))?.



Outline and Overview:

» Goal: Combine LJ and LC into Polarized Intuitionistic Logic

» LC does not include intuitionistic implication

» Start with Intuitionistic Logic with a designated atom L.
» | is just minimal "false” - this logic predates ICL.

» ICL is a stand-alone logic
» PIL combine logics

» Assign labels, i.e., "polarities” to formulas.

» Define Double-Negation translation.

» Use focusing (focalization) to isolate “classical connectives”
» Derive Unified Sequent Calculus

» Define Kripke/Algebraic Semantics



Syntax and Colors

» Formulas freely generated from atoms, A, v, D, 0 and
designated atom .

» Define-A = AD 1; (AD0 = ~A)

» Formulas are Red or as follows:

» AANB, AV B,0,and A > Bwhere B # 1| are red.
» All atoms are red, except L, which is green.
» -A (AD 1) isgreen.
» —2"(R), n> 0, are reddish green (also includes 1)
» —21(R) are solidly green
» Red and Green formulas can be logically equivalent:
(AAB)D 1L = A>(BD> 1)

» This polarization is not same as duality in linear logic: ?X—o!Y



Recovering Classical "Dualities”

» M+ = —-M forred or reddish-green M
> (-M) = M

Syntactic Identity: A++- = A

» Al is convenient way to refer to doubly-negated formulas
» Al is not a connective.

» if A= B, then At is only classically = to B+
(AAB)S L)Y = AAB, (A>(BD L) = ~(A> -B)



Double Negation as Macro Expansion

Rred and E green

» AVeB = (At ABL)E = ~(AtABY)
» AN®B = (At v Bt = ~(AtvBh
»1 =1+t=1>51; T=0-=0>1

To complete the definition of A, we need missing link:

» Ax B = -(AD> B*)
includes special case: (Rx 1) = -—R

These are not yet new connectives, just labels



The following holds:

» 1t = 1; T+ =0

» (AveB)t = AtaBt

» (An®B)t = At v Bt

» (Ax Bt =A>Bt (mod -——-P=-P)
Caution: do not equate “green” with “classical.”

Classical fragment will use v and V¢, Aand A°,0and 1,1 and T.

The classical fragment will be more LC than LK.



Intuitionistic Sequent Calculus LJ

ABI-D ~ ATHD BIHD
AABTED " AVBTFD

r-A r-B M= A
r-anB MR otrava Y

arral® orrpoL

ASBTFA BTFD
ASB,TFD

ATHB
FTFASB °

rri A

1 is considered a special atom



Ve, A® and «x as Synthetic Connectives in LJ?

Distinguish between sequents '+ A and '+ L:
Correspond to sequents with and without a stoup

Introduction of a green formula -A=AD> |:

ATHEL ADLTHA ﬁ’d
rFA>L -f Asirrr -t
But LJ is not good enough
We don’t want the following:
BoCTIr+=B CT+HADL AD I THFA L THEB

B>CTHFAD L AD L1 THB



Looking for one-to-one mapping between proofs

Derive new introduction rules for Av® B = —(At A B):

(hAB AVeBIrA" AVeBIF,B*
r-AveB ' AVEBTF.

Want this to correspond one-to-one with the following fragments:

veL

AL BLTHL (At ABY), THAL —(A-ABY), T B
ALABHTHEL (At ABYH), T AL ABE Lr-L

Fl—ﬁ(Ai/\BL) ﬁ(AL/\Bl),Fl—L

Need focused intuitionistic sequent calculus (LJF)

even for unfocused synthetic introduction rules



A new dimension of polarization

» Atoms are “positive,” except L, which is “negative”
» V, AT, 1 and 0 are positive
> AT, D, are negative

» Positives are “synchronous” on the right; Negatives are
synchronous on the left

» Asynchronous rules are always invertible

» Synchronous (and asynchronous) rules can be stringed together
into a single phase.

» AVeB = (At At BH):E
» Caution: Do not confuse positive with red polarities:
A D Bis red but negative (red=positive only in LC)



Use Delays to Fine-Tune Focusing

Ot (A) = ArT1; 0 (A =1DA
L F ] F* (left) \ F' (right) |
atomic a 0~ (a) a
0 9-(0) 0
1 o-(1) 1
ANB || 0T (A A 0T (BY) | ot (A" A~ B)
Av B 9~ (A’ v BY) o~ (A) Vo (B
A>B [ o-(A)> 87 (B) | 0T (A'>B)
F | F* (left) \ F' (right)
1 1 1
at, atomic a (0~ (a)) -0~ (a)
ANeB (0~ (At") v o~ (BL7)) -0~ (ALl v BL)
AveB (0= (ALY AT O (BY)) | -0~ (A AT BHD)
Ax B —(AY > B —(0~ (A7) D o+(BL))




Deriving the Sequent Calculus LP

Different modes of sequents:
> A, ... A & Af‘,...,Aﬁ‘,rFJ_ (The = TH 1)
»ITHA 2 THA

Structural Rules (R red, E green)

RE W toad/Go
[r,0-(A)] — [1] [ADLT]—A
[F,0-(A)] — L [AS LMM—a— [AD LT —[1]
[r,0-(A) — L [A> 1,15 [1]

MN—o0 (A DL [AD L, — [1]



N-A B

rAxB xR
!
[...T] — & (A L-.,07(5) — L] R,
O L7 e
8~ (Aot (B oL
[L...r 7 ARG,

0-(A) >0 (B — [ -

Correspondence between focusing phases and synthetic
introduction rules must be relaxed:
Ax B=(AD>B*) > L, whichis — followed by +

—+, +— are OK, but not + — +.



Sequent Calculus LP

Structural Rules and Identity

= Al O St At }—AL d
FAE FALe S Al Load v
Right-Red Introduction Rules
rM-A I=B~B pa I A Al B
r~ArB " Mo A VA Y [~A>B -
Left-Red Introduction Rules
A BT R . ATHR BTHR . A>BTHA BTHR
ANBT R AVBTR ' ASBT R
Right-Green Introduction Rules
<A r=s8 ., r'=A8 . r=A '8

rnAres MR rtraves VR rmAxB xR

Rules for Constants

N-R M

e Ao TrRR™ orRRY TRIAMR TRT

/

DL

TR



Extends to First Order

Rules for Quantifiers

M Alt/x] M A A ATHR Alt/x],Nx. AT R
FoxA renyA ' Sy ATHR MxAT R
I Alt/x] r- A

L TxA vy A VR Here, y is not free in I and R.

Why not remove delays and get focused LPF?

Possible, but first ...



LC Inside LP

FI,N,P;S
FILNVP;S

FI,N,P;
FI,NVP,;

FI; P FAN,

FTA;PAN

rPANELS "

reNvep

P THN

NnP,N~S
L

M N, P
°R

NN

Signal
MlNPAN

LC invariant: no “positive” introductions outside of the stoup

...subsumed by LP invariant: no green introduction in -, mode

LC is accidentally almost focused, but not LP



Independence from Double Negation Translation

> V8 Af o, L and T are now first-class connectives and
constants.

» Al is now De Morgan negation, defined by “dualities:”
VEIN, NIV, /D, L/, T/O,

» “dual atoms” a/a'; Formulas are in negation normal form.
If Al B is provable, then B I, A is provable.

» Reclassification of some formulas:
1and R> L arenowred. (RD 1) = Ro 1

» Every green formula is of the form R~ for some red R.
Given A and A*, one is red, the other is green.



Kripke Semantics

Hybrid Model (Propositional Case): (W, =<,C, )
Requirements and definitions:

» =< is a transitive, reflexive ordering on non-empty set W of
“possible worlds.”

» = is a monotonic relation between elements of W and sets of
atomic formulas.

» C C W (“classical worlds”)

» Ay={k | ke Candu <k} (’classical cover” of u)

» required: Ax = {k} forallk € C. (for propositional models)
» if Ay = 0 then u is imaginary.

Every Kripke Model for IL is immediately a Hybrid Model, with a more
structured interpretation of possible worlds.



Rules of =

foru,v e W; ¢,k € C, green E:

»uEt1and ujEo0
»uREAvBiffuEAorukEB

»uE=AAB iffuEAandul=B

» u=ADB iff forallv>u,v = Aimpliesv =B

v

uk Eiffforallk e Ay, k= E
cl=Eiffcjt E*

v

E.g.,c=AxBiffc £ AD> Btiffforsomevi=c,viE= Aandv |~ Bt
Monotonicity preserved by condition A¢ = {c}.

olf Ay =0,thenu = E for all green E.
euf=AVeAL



Important Countermodels

s :{aa‘} s> : {at}
N/
k:{a'}

shows that av® ~aand ~a v¢é ~~ a are not valid
shows that intuitionistic implication does not collapse

k:{p,q}

T
s:{}
shows that (p A\ q) D p, (PVEQq) D (pV Q), etc... are not valid:
P-R PR QFR PASQ

prearr’ "t “Pvearm Yt P

.. are not valid inference rules; some device needed.

NE



Semantics and Cut Admissibility
LP is sound/complete by Hintikka-Henkin constructions

Some admissible cuts guaranteed by semantics:

(A AMRB | ATHO ALTRE . ThA A
' B ut '+, 00’ . N

cut|

A non-admissible cut:

TP PIHQ
meQ

bad cut

when P, Q are red.

k:{P,Q}
T
s:{}



Procedural Cut Elimination

At Bt TH AveB ' A" AVeB I B"
————— Store x 2 o o i ol
r~AB R AVeEB, ' A AB L oad
r~AveB "’ AVBIh oa
m F cu
Reduces to:
rAVveB
rAvVeB rAvéB AVeB,T"H A" cut
rAvéB AVeB, I, Bt- cut - At A{B{rhct
U u
'+ B+ BL T
cut

M



Let’s Be Naive ...

AT+ R

R ive-/\¢€
ANBT LR naive-N°L

Try to reduce the following cut:

rN-A B
N<AN®B
N-AA¢B

AR ,
Signal M ; el
9 ApNeB. T F, R Malve
Cut

MR

would require
r-ekA ATl R

M R

bad cut

Violates LP Invariant: no green introduction rules in -, mode



Alternative Proof System LPM

Right-Red Rules

rEABA FEAA THBA ATEB
rrAvBA YR “TrrarBa M rrasBa ° 1A

Left-Red Rules

ATFA BIEA ~ ABTHA  ADBIFA BIEA
AvBrra " ArBrFA ASBTFA

oL

Left-Green Rules
AT BT+H  ABTH _ ATEB*

AaveBrr VL areBrr Mt axerr <t TRt
The Lift Rule and Identity

ELTE Lif I —— 1 oL

rrEa ™ arran’™ aarr® orra?

E is a green formula and a is an atomic formula



Some Properties of PIL

vV v v Vv

A Ve —Ais valid/provable (LEM)

if AV B provable, either A or B provable (Disjunction Prop.)
Ax1 = Ave Ll = --A

Classical and intuitionistic connectives can mix freely:

In Ave (B> C), D does not collapse

But limitations still exist...

Define classical implication: A= B= A' v¢B:

Can prove
(P=Q=P)=P

(P=Q>P)=P
(Po>L)>DP)=P

but not
(PoL)oP)DP

And the outermost O is most important.



Algebraic Perspective

L ={ueW:uE1} = {ueW: Ay =10}

ucvik
T
cvik
N
i k ikc vik ke
T T /! NS AN /N
c v ic ik vk c k
NS NSNS NS
u i(L) k {}
NS
{3()

Kripke Frame, C = {c,k} Heyting Algebra with I  Boolean Algebra 2¢

Embedded Algebra = {KU 1L : K C C}



Interpretation of formulas

> h(1) = h(T)=W; h(L)=
AV B) = h(A) U h(B), h(AA B) = h(A) 1 h(B)
A> B) = h(A) — h(B).

+) = h(R) — L for all green

vV v VY

h(
h(
h(
h(R

Top of embedded boolean algebra=C U .
(Alternatively, let1 =CuU 1, change N 1to T 1)

Define secondary interpretation H'(A) = (h(——A)NC)U L

v

H(AAB) = H(AN® B) = H(A) N H(B)
H(AV B) = H(AV® B) = H(A) UK (B)

H(A) = H(A%); X is boolean complement in embedded
algebra.

But H'(A D> B) # h(A) — H(B)
W(E)=CuU Liff (E) =T for green E.

v

v

v

v



Black Hole (~~) versus Worm Hole (——)

T T
\
/\ N
7 N\ /N
\/ N 7 N/
1 °
N S
0 0

Black Hole: all points A — () (or (A — 0) — () (Glivenko 1929)

Not closed under v, closed under —
(A—=0)—(B—0) = (A—0)AB)— 0. Noescape!

Worm Hole: all points (ANC) U 1L (based on ——A)

Closed under v, not closed under —



Semantic Alternatives; Conclusions

» Require C#0: so L #T
But L is nolonger just an atom.

» Addred constant ) =CU L: O ~71; kE ¢iffkeC.
OR

)
» Extend to first order quantifiers: lose property A¢ = {c}

» Let 1L be the second-largest element: ICL
AV~ —-Avalid without a different version of disjunction.



Summary

|

Can a double-negation translation allow us to combine
classical logic with intuitionistic logic?

Yes, polarize the doubly-negated formulas; then focus.

Derive sequent calculus LP with two modes +, and +; satisfies
cut-elimination

Intuitionistic implication does not collapse in PIL.

A = Bintuitionistically if A+, Band B - A;

implies B+ -, A+ and A+ -, B+

Semantics completes the lifting of labels into connectives;
Defines new logic.

No need to involve linear logic.
?AL 9 B (1A —o B) is properly linear (B is "neutral”).

No neutrals needed; combination can occur within intutionistic
logic, with focusing and enriched semantics.



LPF: Focused LP

Separate positive/negative from red/green polarization

o, ¥, a+ AT,v,3,1,0,a
+Green +Red
—Green —Red

Ve A8 Y, L, T, at o,AT, N, a”



Can we cross-focus between +Green and +Red?

» +to+: OK (focusing in LJF).

» +to+: OK; Ax(Bx C) = =(AD (B> CY)).

» +to+: OK; (AVB)xC = —~((AvB)>Ct)

» +to+: Notachance! AV(BxC) = AV ~(
Pattern is + — +. In linear logic, !As!?(IB® C)

B> Ch).

Need two layers of focusing with lateral transition rules.

f1*/* along -/+ axis.
f1°/y° along -/+ axis.

F, corresponds to 1°, {}°.
. corresponds to f}*, {°.



LPF (one sided version)
Structural/Reaction Rules

Lateral Reactions
FT:AqQT FT:J*R

Fraper H0 Frper tY

Negative Reactions
FM:R1°© - D,l: A 4O FreS FT, T AT
rare MM Erappe BT Frisy P Frrap

Positive Reactions
FT:AqQN FTf°M

T —
Froarn Y Erem Y Friatya " Falrga C

T contains only green formulas; R: red formula; D: positive formula
or negative green literal; S: positive red formula; T: positive formula;
N: negative green formula; M: negative formula; a, positive atom.



LPF Introduction Rules

Constants
FT:A4*0
T Ae o 4 T AT o | T oeq |
FIT:AqQ*L,© FIT:AAq*T,© [l B (A
Negative Connectives
FT:A*ABO®  FT:A{*A© FT:A{*B,® _ FI:AfA«

Fr apAveB o VY FT.A{"AA°B.© N T A XA
FT AT FT AT ETA°B,T FTA°B AL, T
FT X AT FTPAA BT FTA°ASB,T °

x is not freein I, A, ©; T contains only green formulas

Positive Connectives

FTAA FTB FTrA F T UtAlt Y]
FrcAn B FT A Vv A -3y A
T A JRA[ty] FTAD FTEARB o0

FT:A°PTy.A FT:A°Dx B



